Abstract: Probabilistic slope stability analysis of the municipal solid waste (MSW) landfill slope (height = 30 m and 1V∶3H) with due consideration to the spatial variation of geotechnical properties of MSW (single depth layer versus multilayered depth) is performed. The published data on geotechnical properties of MSW is used to define statistics of spatial variation of geotechnical parameters. Random field theory combined with finite difference numerical code, fast Lagrangian analysis of continua (FLAC) is used. Two-dimensional non-Gaussian homogeneous random field is generated by Cholesky decomposition technique. Monte Carlo simulations are performed to determine the statistics of the stability of the MSW landfill slope, evaluated in terms of factor of safety, and information is utilized to assess the performance in probabilistic framework, i.e., reliability index (β). The results of the analysis are compared and discussed in the light of conventional factor of safety approach, in which the geotechnical parameters are considered as uniformly constant. Overall, the results show a decrease in the reliability indices with increase in variation of MSW properties and also highlight the need for consideration of multilayered MSW profile as these factors resulted in reduced reliability indices when compared to the results obtained considering single MSW layer for the whole depth.
Introduction
Proper management of growing quantities of municipal solid wastes (MSW) has been a major concern of environmental professionals. Despite recycling and reuse efforts as well as incineration, huge quantities of MSW are still required to be disposed of in engineered landfills. Due to stringent regulations and challenges in siting new landfills, few large landfills with greater heights and steeper slopes are increasingly being proposed to make them economically viable. However, the larger landfills pose greater engineering challenges, specifically, ensuring the safety of slopes during and after the disposal of the MSW. Several landfill failures have been reported due to instability of slopes (Koerner and Soong 2000b; Chang 2005; Merry et al. 2005) . Recently, the recirculation of leachate and other fluids to enhance degradation of MSW has also raised concerns due to increased pore water pressures, increase in unit weight, and decrease in shear strength (Koerner and Soong 2000a) .
Slope stability of a MSW landfill mainly depends on the geotechnical properties of MSW, such as unit weight and shear strength. Although it is common to perform stability analysis with uniformly constant MSW properties, one should note that the MSW properties vary spatially due to heterogeneous nature, overburden pressure, and degradation. Thus, spatial and temporal variation in geotechnical properties of MSW should be properly considered in the landfill slope stability evaluations.
By carrying out the slope stability analysis, it is required to design a safe landfill that is stable under permitted operating conditions. The main factors that have to be addressed in the slope stability analyses are the overall (global) stability of MSW mass and local or deep failure surfaces within the MSW or along the interfaces. The purpose of slope stability analysis is to provide a quantitative measure of the stability of a slope or part of a slope. Traditionally, it is expressed in terms of factor of safety with respect to failure, which is defined as the ratio of the summation of restoring forces (or moment) to the summation of disturbing forces (or moment). To ensure long-term stability, with due consideration of various sources of uncertainties involved in the estimation of geotechnical parameters, it is suggested that the calculated factor of safety should be in the range of 1.5-3.0. The conventional slope stability analysis methods are based on limit equilibrium approach and they are simple and straightforward, providing the value of factor of safety for the specified MSW properties, but they do not take into account the variability of MSW properties in an appropriate manner (Duncan 2000; Baecher and Christian 2003) .
On the other hand, in a probabilistic approach, the stability of landfill slope is expressed in terms of probability of failure (p f ) or in terms of safety index known as reliability index (β). The development of reliability-based design procedures is receiving considerable attention in recent years and guidelines on the targeted reliability indices have been suggested in literature. USACE (1997) made specific recommendations on target probability of failure (p f ) and reliability indices (β) in geotechnical and infrastructure projects and suggests that a reliability index (β) value of at least 4.0 is required for a good performance of the system while a value of at least 3.0 is needed for an above average performance. Methods of reliability analysis such as first-order reliability method (FORM), second-order reliability method (SORM), point estimate method (PEM), and Monte Carlo simulation (MCS) are available in literature (Haldar and Mahadevan 2000; Baecher and Christian 2003) .
The effects of inherent random variation of input properties on the response of geotechnical structures have received considerable attention in the recent past. Such approach models the physical locations of weak and strong zones in the domain and enables slope failure to develop naturally by seeking out the most critical failure mechanism, which is not possible through any limit equilibriumbased approaches (Baecher and Christian 2003; Griffiths and Fenton 2007) . The present study aims to examine the influence of spatial variation of geotechnical properties of MSW on the stability of a typical landfill slope (1V∶3H and height = 30 m) in probabilistic framework. The slope stability analysis is performed using random field theory combined with numerical analysis and MCS are performed to obtain the statistics of the performance parameter, i.e., factor of safety, which is required in the reliability analysis of MSW landfill. The influence of degree of decomposition of MSW on the geotechnical properties of MSW is also taken into consideration. The analysis results helped to assess the spatial variation in MSW properties and degree of decomposition on reliability indices when compared to the results obtained considering traditional analysis methods using the uniformly constant MSW properties throughout the domain.
Properties of MSW
The crucial aspect of evaluation of landfill slope reliability is the identification of appropriate values for MSW properties such as unit weight and shear strength parameters, namely, cohesion (c) and friction angle and the evaluation of variability of these properties. In many cases, the uncertainties associated with MSW properties outweigh the uncertainties in the method of analysis for failure conditions (Mitchell and Mitchell 1992) .
Unit Weight
The unit weight of MSW is one of the most important properties required to calculate the factor of safety in landfill slope stability. The main factors that affect the unit weight of MSW are: (1) degree of biodegradation and (2) leachate recirculation (in a bioreactor landfill), which expedites the biodegradation process while simultaneously making the MSW particles finer and denser with time. Fresh MSWs have a higher amount of organic content and, hence, possess low density. With biodegradation, the organic mass gets stabilized into nonbiodegradable material, which is more intact and possesses higher density. An increase in the unit weight, with respect to the degree of decomposition of MSW, is examined in the laboratory. The unit weight of the fresh MSW collected from the field was reported as 7.74 kN=m 3 and it was 10.8 kN=m 3 after a 73%-degree of biodegradation. Extensive data on unit weight for MSW have been reported in the literature (Zekkos 2005; Zekkos et al. 2006; Bray et al. 2009; Stark et al. 2009 ). It is found that the minimum and maximum unit weight of fresh MSW may vary in the range of 4.0 kN=m 3 and 16.0 kN=m 3 , respectively. Table 1 summarizes the MSW unit weight data reported in the published literature. Siegel et al. (1990) California landfill 10-48 years old waste 9.6-17.3 Del Greco and Oggeri (1994) ; Oweis and Khera (1998) 
Shear Strength
The stability of the landfill slope is also governed by the shear strength parameters of the MSW. Similar to soils, the shear strength parameters normally used, in practice, for MSW characterization, are cohesion (c) and friction angle (ϕ). The shear strength parameters of MSW depend on the unit weight, moisture content, and composition. Landva and Clark (1986) reported friction angles ranging from 38°to 42°and cohesion (c) ranging from 16 to 19 kPa. Gabr and Valero (1995) tested 10-to 15-year-old MSW in a small direct shear box and reported friction angles ranging from 20°to 39°and cohesion (c) ranging from 0 to 28 kPa at the 20% displacement level. Gabr and Valero (1995) also conducted consolidated undrained triaxial tests on MSW and reported an average effective friction angle of 34°and effective cohesion (c) of 17 kPa at an axial strain of 20%. Gabr et al. (2007) provided extensive literature review of the shear strength parameters of MSW and found that the wide range of magnitudes of shear strength parameters reflects the differences associated with their measurement and criteria. Gabr et al. (2007) highlighted that the factors such as sample processing technique, sample and equipment size, strain level, strength estimating approach, etc., are usually documented with the reported strength values; a quantitative and systematic characterization of the extent of MSW degradation is seldom reported. In their study, a systematic characterization of the relative changes in MSW shear strength parameters, as refuse decomposes, were considered and it is reported that the interface friction angles of plastic and fresh shredded paper were estimated as 18°-19°, and 32°, respectively, and it decreased from 32°to 24°as MSW decomposed. However, no comments were made on the values of cohesion (c), which is also equally important for the landfill slope stability analysis. Stark et al. (2009) mentioned that MSW shear strength is normal stress dependent. It is recommended that a bilinear strength envelope be used to represent the shear strength at high normal stresses. Hence, for normal stresses less than 200 kPa, shear strength parameters of c ¼ 6 kPa and ϕ ¼ 35°and for normal stresses greater than or equal to 200 kPa, c ¼ 30 kPa and ϕ ¼ 30°are recommended. The recommended bilinear envelope is based on shear strength data corresponding to a shear displacement of 25 mm or 10% axial strain and, thus, should be compatible with the shear behavior of underlying geosynthetics interfaces and foundation soil. Table 2 summarizes the shear strength properties of MSW reported in the published literature.
Uncertainties in MSW Properties
Similar to soils (Phoon and Kulhawy 1999) , the major sources of uncertainties in the estimation of geotechnical properties of MSW are: (a) the heterogeneity due to wide-ranging constituents; (b) measurement error (due to equipment, procedural operator, and random testing errors); and (c) model transformation uncertainty (due to approximation present in empirical, semiempirical, or theoretical models to relate measured quantities to design parameters). Quantitative assessment of uncertainty modeling requires use of statistics as well as probabilistic modeling, which relies on sets of measured data. The uncertainty in the measured data (say m number of measured data sets) is expressed in terms of sample mean (μ) and variance (σ 2 ), which is evaluated from the following equations:
Variance (σ 2 ): It is a measure of dispersion of data about the mean value. The square root of variance is defined as standard deviation (σ).
The coefficient of variation (CoV%), which is obtained by dividing the standard deviation (σ) by the mean (μ), is commonly used in quantifying the geotechnical uncertainty analysis. Several studies in the past (Lacasse and Nadim 1996; Duncan 2000; Uzielli et al. 2007 ) provided the generic range of coefficient of variation (CoV %) for the geotechnical properties of soils, but variation in MSW properties is not yet reported in the literature.
In the present study, published data from several sources (as provided in Tables 1 and 2 ) have been used to calculate the range of statistical parameters, i.e., mean (μ), standard deviation (σ), and coefficient of variation (CoV%) in the unit weight (γ) and shear strength parameters, i.e., cohesion (c) and angle of internal friction (ϕ). The values of these statistical parameters are summarized in Table 3 .
One can assess the impact of the uncertainties in the geotechnical properties of MSW on the stability of landfill slopes based on the reliability-based procedures. In the reliability analysis, the input parameters are modeled as continuous random variables (normally distributed or lognormally distributed) defined by their probability density functions (pdf) and the parameters of distributions. The parameters of the normal and lognormal probability distribution functions (pdf) are directly related to the unbiased estimates of sample μ and σ 2 of the measured data (Baecher and Christian 2003; Griffiths and Fenton 2007; Harr 1987) .
Modeling Methodology

Slope Stability Analysis
In the present study, numerical analysis using finite difference code known as fast Lagrangian analysis of continua (FLAC) is used to evaluate the stability of MSW landfill slope (Itasca 2007) . In the present analysis, to model the constitutive behavior of MSW, elastic perfectly plastic model based on Mohr-Coulomb failure criteria, with associated flow rule, is used. The stability of the slope is calculated in terms of global factor of safety, which is evaluated using strength reduction technique (Dawson et al. 1999) . In this approach, factor of safety is taken as a factor by which the soil shear strength is reduced to bring the slope on the verge of failure. The concept is used in the slope stability analysis in which a number of simulations are run for trial factor of safety (F trial ) with shear strength parameters, namely, cohesion (c) and angle of internal friction (ϕ) are reduced as
For the factor of safety calculation, FLAC uses "bracketing and bisecting technique" in which lower and upper brackets are established for any F trial value. The lower bracket corresponds to F trial value for which solution converges and upper bracket corresponds to F trial value for which the solution does not converge. In the next trial, middle F trial value between these two bound are selected and analysis is performed. If the solutions converge, the lower bracket is replaced with this new value and if the solutions do not converge, the upper bracket value is replaced. The procedure is repeated several times until the difference between upper and lower brackets reduces below the specified tolerance limit (Itaca 2007).
Spatial Variation and Random Field Modeling
It is well understood that the second moment statistics, i.e., mean (μ) and variance (σ 2 ), alone are not sufficient to describe the spatial variation of geotechnical properties, which vary in the 2-or 3-dimensional space. The spatial variation of the property can be well represented by the mean (μ), coefficient of variation (CoV %), and autocorrelation distance (δ z ) based on the random field theory developed by Vanmarcke (1983) . For the spatial variability modeling, a parameter, i.e., an autocorrelation distance (δ z ) is defined as "the distance within which the soil property exhibits relatively strong correlation." It is noted that for low values of δ z the domain is similar to erratic field and as δ z increases the field becomes more homogeneous.
For representing a lognormally distributed continuous random field for selected geotechnical property [say cohesion (c)], which is represented by parameters such as mean (μ c ), standard deviation (σ c ), autocorrelation distance or spatial correlation distance (δ z ), the following equation is utilized:
wherex = the spatial position at which c is desired. GðxÞ = a normally distributed random field with zero mean and unit variance. The values of μ ln c and σ ln c are determined using lognormal distribution transformations given by the following expressions: Griffiths and Fenton (2007) indicated that the correlation coefficient, ρ k (τ ), between lognormally distributed geotechnical properties at two points, namely, ln cðxÞ and ln cðx þ τ Þ, separated by τ, follows a Gauss-Markov model, which is an exponentially decaying function of separation distance. Hence, in this study, the correlation function is considered to be exponentially decaying, which is given by the following equation:
where τ ¼ jx 1 −x 2 j = the absolute distance between the two points. The autocorrelation matrix (L) is decomposed into the product of a lower triangular matrix and its transpose by Cholesky decomposition (Press et al. 2002 )
Given the matrix L, the correlated standard normal random field is obtained as follows:
i ¼ 1; 2; 3; : : : ; n ð10Þ
where Z j = the sequence of independent standard normal random variables.
In the present study, the spatial correlation distances in the vertical and horizontal directions are assumed to be equal and that represents the isotropic correlation structure, which is sufficient to establish the basic stochastic behavior as discussed by Griffiths et al. (2002) . Different correlation distances in the two directions represent anisotropic correlation structure, which is not within the scope of this study.
Implementation of Random Field
First, Eq. (8) is used to generate the autocorrelation matrix. The value of lag distance (τ ) is considered to be the center distance of the constitutive grids. Fig. 1 explains the evaluation of autocorrelation matrix after considering the discretization of finite difference grid. For example, if the center-to-center distance between Grids 1 and 2 is dx, the autocorrelation between these two grids can be calculated by putting the value τ ¼ dx in Eq. (8). Similarly, autocorrelation of Grids 1 with 3, 4, and 5 can be established by placing τ ¼ 2 × dx, 3 × dx, and 4 × dx, respectively, and autocorrelation for Grid 1 with 31, 32, and 33 can be given by dy,
, respectively, and so on. Therefore, the values in the first row of the autocorrelation matrix are the autocorrelation coefficients between Grid 1 and other grids, and this leads, for example, to 900 values in a row for a grid size of 30 × 30. Hence, considering all the grids, the size of the autocorrelation matrix is 900 × 900. Once the autocorrelation matrix is established, it is decomposed into lower and upper triangular matrices (L and L T ) using Cholesky decomposition technique. The correlated standard normal random field (G i ) is obtained by generating a sequence of independent standard normal random variables (with zero mean and unit standard deviation) and decomposed autocorrelation matrix as obtained by Eq. (10). The realization of lognormally distributed cohesion value at each grid location is obtained by transformation presented in Eq. (5) for a specified mean and standard deviation of cohesion parameter c. The above calculation procedure is automated and combined with FLAC by developing a new subroutine in "FISH" code (Itasca 2007) . Figs. 2(a and b) show typical realizations of cohesion parameter with mean 18.13 kPa, coefficient of variation of 30% for correlation distances of 0.5 and 5 m, respectively.
MCS approach is used in the generation of two-dimensional lognormal random field based on the selected range of CoV and correlation distance values for each geotechnical property (unit weight, cohesion, and friction angle) shown in Table 3 (average values taken). It should be noted that the FISH program assigns different realization of random field in finite difference grids and, therefore, FLAC is run 100 times to calculate the factor of safety of the MSW landfill slope for each realization of random field based on the same procedure explained in earlier section. The validity of the number of realizations in MCS is examined and 100 realizations are considered to be adequate. The statistics of the results (i.e., from 100 factors of safety values obtained from MCS), mean (FS), and coefficient of variation (CoV FS ), are calculated. The stability of the landfill slope is then assessed in terms of reliability index (β), which is evaluated as explained in the next section.
Reliability Analysis
The limit state, gðXÞ, is a function of random variables that define the failure or safe state at the design point; gðXÞ less than 0 represents the failure state, gðXÞ greater than 0 indicates the safe state, and gðXÞ ¼ 0 represents the limit state boundary, which separates the safety and failure domain. The probabilistic assessment of the safety of the system is made in terms of reliability index (β). The reliability index (β) value for the normally and lognormally distributed FS is calculated from the following equations (Baecher and Christian 2003) :
For log-
where FS and CoV FS = mean and coefficient of variation (CoV in decimal point) of the factor of safety, respectively, obtained from the number of MCS.
Analysis Results and Discussion
Landfill Configuration and Scenarios Analyzed
In the present study, the influence of spatial variation of geotechnical properties on the stability of the 30-m high MSW landfill (with slope angle 1V∶3H and 6.0 m bench at 15 midheight) is studied. Fig. 3 shows the cross section of the landfill considered for this study. As shown in Fig. 3 , native silty clay, i.e., foundation soil Fig. 1 . Discretization of finite difference grid in the random filed modeling (c ¼ 50 kPa, ϕ ¼ 30°, γ ¼ 16 kN=m 3 ) underlies the bottom of the landfill. In this study, the following four scenarios of analyses are performed:
1. Initially, a baseline slope stability analysis is performed. For this analysis, the entire depth of MSW (30 m) is considered as a single layer. The mean values of geotechnical properties of MSW are selected from Table 3 . The stability of the landfill slope is assessed by calculating the factor of safety. 2. To study the impacts of overburden pressure and degree of decomposition (DoD%) and corresponding variation in the geotechnical properties of MSW, the total MSW depth (30 m) is divided into 10 layers, each 3 m thick. The geotechnical properties of the MSW are linearly varied with depth (as shown in Table 4 ). The traditional factor of safety of the landfill slope is computed for the mean values of the geotechnical parameters evaluated at the center of the each layer. 3. The landfill in Scenario 1 is reassessed to investigate the effects of spatial variation of geotechnical properties of MSW on the stability of landfill slope. This analysis is performed with mean (μ) values equal to baseline properties, coefficient of variations (CoV%) as provided in Table 5 (considering five different cases) and correlation distances (δ z ), i.e., 0, 0.5, 1.0, and 1.5 m for each case. 4. The landfill in Scenario 2 is reassessed to investigate the effects of spatial variation of geotechnical properties of MSW in each layer on the stability of landfill slope. The mean (μ) values of properties are obtained at the center of the each layer as shown in Fig. 4 and coefficients of variation (CoV%) as considered in Table 5 (considering five different cases), and correlation distances (δ z ), i.e., 0, 0.5, 1.0, and 1.5 m (for each case).
Baseline Slope Stability Analysis Results
Scenarios 1 and 2 represent traditional cases of analyses in which mean values of properties are considered as uniformly constant. Scenario 1 is much simplified which considers a single layer with one set of MSW properties, while Scenario 2 represents a realistic condition in which the total depth of MSW is divided in different layers (10 in the present study) and variation in MSW properties with depth (resulting from overburden pressure and partial degradation) are considered. For Scenario 1 study, the tradition factor of safety for uniformly constant properties is evaluated as 2.76, which is more than the minimum acceptable limit of 1.5. For Scenario 2, a linear variation on the MSW properties with depth and degree of decomposition is assumed, i.e., properties at the top (0 m depth) indicating fresh MSW and at the bottom for the decomposed MSW (at 30 m depth). Based on the available data, the variation of unit weight (γ), cohesion (c), and friction angle (ϕ) values with degree of decomposition (DoD%) is provided in Table 4 . The factor of safety for the multilayered landfill slope is evaluated as 2.46. It should be noted that it is lower than the corresponding value of factor of safety (FS ¼ 2.76) evaluated for single depth of MSW landfill slope. It should also be noted that the stability of the MSW landfill slope should be performed with due consideration to layering of MSW deposits and degree of decomposition (DOD%), which simulates the practical situations.
Effects of Spatial Variation of MSW Properties
There is no explicit consideration of variation of geotechnical parameters in Scenarios 1 and 2, which is only possible through probabilistic approach. Considering spatial variation of geotechnical parameters, the statistical information, i.e., the mean and variance of the calculated factors of safety obtained from 100 numbers of MCS, is obtained. For Scenario 3 that involves modeling whole MSW depth as a single layer, Fig. 5 shows the influence of coefficient of variation (CoV%) and correlation distance (δ z ) in the evaluation of mean factor of safety of MSW landfill slope for spatially varying geotechnical properties. The results are also compared with the traditional factor of safety value, in which the geotechnical properties are considered to be uniformly constant. It can be noted that with an increase in coefficient of variation, the mean value of factor of safety decreases and on the other hand, the factor of safety value increases as the correlation distance increases. It should also be noted that the spatial variation of geotechnical parameters in foundation soil is not taken into consideration due to the fact that the present study focuses specifically on the effect of spatial variation of geotechnical properties of MSW on the stability of landfill slope. From the calculated mean and variance of the factor of safety values from 100 MCS, the reliability index (β) for normally and the negative values of properties to be taken into consideration, which is practically impossible. Hence, the results of the reliability analysis with lognormally distributed input parameters are acceptable and it is noted that the performance of the MSW landfill slope, within the expected range of spatial variations in the input parameters, is satisfactory.
Conclusions
The present study investigates the importance of consideration of spatial variation of geotechnical properties of MSW in the probabilistic stability assessment of MSW landfill slopes. The two important probabilistic characteristics of the MSW spatial variability, i.e., coefficient of variation and autocorrelation distance, are studied. The MCS technique, combined with numerical analysis, is used for the reliability analysis of landfill slopes. The results of the analysis indicate that factor of safety evaluated with spatially varied geotechnical properties of MSW are lower than the corresponding values evaluated for uniformly constant geotechnical properties of MSW. It is also noted that consideration of multilayered landfill slope, with variation of properties in each layer depending upon the overburden pressure and degree of decomposition, and, with spatial variation of properties in each layer, provided lower stability values. Therefore, it is critical to incorporate the spatial variations in geotechnical properties of MSW in order to assess the safety landfill slopes in realistic manner.
